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5.1.1Introduction to Differentiation /

Your notes

Introduction to Derivatives

= Beforeintroducing a derivative, an understanding of alimit is helpful
Whatis a limit?

= Thelimit of a functionis the value a function (of X) approaches as X approaches a particularvalue from
eitherside
= Limits are of interest when the functionis undefined at a particular value

x4-1
-1

below and above but is undefined at X = 1 as this would involve dividing by zero

= Forexample, the function f(X) = willapproach alimitas X approaches1from both

What might | be asked about limits?

= Youmay be asked to predict or estimate limits from a table of function values or from the graph of

y=f(x)

= Youmay be asked to use your GDC to plot the graph and use values from it to estimate a limit

What is a derivative?

= Calculusis about rates of change
= thewayacar's positiononaroad changesisits speed (velocity)
= theway the car’'s speed changesisits acceleration

= The gradient (rate of change) of a (non-linear) function varies with X

= Thederivative of a functionis a function that relates the gradient to the value of X
= Thederivative is also called the gradient function

How are limits and derivatives linked?

= Considerthe point P onthe graph of y = f(X) as shown below
. [PQi] is a series of chords
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TANGENT AT P

= The gradient of the function f(X) at the point Pis equal to the gradient of the tangent at point P
» The gradient of the tangent at point Pis the limit of the gradient of the chords [PQi] as point Q

‘slides’ down the curve and gets ever closer to point P
= The gradient of the function changes as X changes

= Thederivativeis the function that calculates the gradient from the value X
What is the notation for derivatives?

= Forthefunction y = f(X) the derivative, withrespectto X, would be written as

Y m

dx
= Different variables may be used
dv
s eglf V= f(S) then 15 =1d(S)
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@ Worked example

The graphof y = f(X) where f(X) =x3-2 passes through the points
P(2,6), A(2.3,10.167), B(2.1,7.261) and C(2.05, 6.615125).

a) Find the gradient of the chords [ PA], [ PB]and [PC].

GradienY o} a line Lc\'\or&) ie " gama

3y =2C,
[PAl: lo-le7-€ = 3.
2:3-2,
[Pp_ﬂ; T-26\-6 = \2:6\
240=-2
[Pd-, €-6\S\25-€ = |q.3

2:05-2

GCradiect & chordds are: [PA] 1282
Pel 12-en
[°c] 12-3cas

o) Estimate the gradient of the tangent to the curve at the point P.

There will be o kit the qdiedt & the dhor reachee
o the di'ﬁ-eﬂmce in Yhe x-coordinaies o.ppﬁ'ooc,\weQ 2cv0.

Eckircke of a\'achx@.n‘\‘ oy '\'anaen*t & x=2ie 12
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Differentiating Powers of x
What is differentiation?

= Differentiationis the process of finding an expression of the derivative (gradient function) from the
expression of a function

How do | differentiate powers of x?

= Powers of X are differentiated according to the following formula:
« 1f f(x)=x"then f'(x)=nx?"1wheren €Q
= Thisis givenin the formula booklet

= |fthe power of X is multiplied by a constant then the derivative is also multiplied by that constant

. If f(X) = ax then ld(X) = anx” ! where n € Q and aisaconstant

dy
= The alternative notation (to ld(X)) istouse a
dy
s If y=ax"then — = anx" !
Y dx
1 1 1
4x2 pen Y = _gx 2 xx2 T o spy 2
= eg. Ify= —4X“4 then—7T—=—4X - XX = —2X
oy dx 2

= Don'tforget these two special cases:

« 1f f(x)=axthen f(x)=a

dy
= eg. Ify=6Xthen a =6
= |f f(X)=athen F(X)=O
dy
= eg. Ify=>5then dx =0

= These allow you to differentiate linear termsin X and constants

= Functionsinvolving roots will need to be rewritten as fractional powers of X first
1

= eg.lf f(X) = 2./ X thenrewrite as f(X) =2x 2 and differentiate
= Functionsinvolving fractions with denominators in terms of X will need to be rewritten as negative

powers of X first

4
= eg.lf f(X) = ; thenrewrite as f(X) =4 x~1 and differentiate

How do | differentiate sums and differences of powers of x?
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= The formulae for differentiating powers of X apply to all rational powers soitis possible to /
differentiate any expression that is a sum or difference of powers of X
5 Your notes
" eqglIf f(X) =5x4—3x3 +4then

2
2 =-1
f'(x)=5x4x4"1-3x §X3 +0
_1
f'(x)=20x3-2x 3
= Products and quotients cannot be differentiatedin this way so would need expanding/simplifying
first

= egqlf f(X) = (2X - 3)(X2 - 4) then expandto f(X) =2x3—3x2—8x+ 12 whichisa

sum/difference of powers of X and can be differentiated

© ExaminerTip

= Acommon mistake is not simplifying expressions before differentiating
= Thederivative of (X2 + 3)()(3 -2x+ 1) can not be found by multiplying the derivatives of
(x243)and(x3=2x+1)
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@ Worked example ,

Your notes
The function f(X) is given by

4
f(X)=2X3 + —— wherex >0

Jx

Find the derivative of £{X)

RewriYe §lx) co every Yern € o power & x
(ﬂx\ = 2 & U Y

Dﬁ\-?efe n“ﬁdb &:3 C».Ppktgna e %d'm\a

3

Tle)s 6x* - 2o 'li
\ } +a\!e Cofe ot negd‘-uc@
0= i 3

onX -1-1=-3

?('x,) = 6 - 2 %
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5.1.2 Applications of Differentiation /

Your notes

Finding Gradients
How do | find the gradient of a curve at a point?

= The gradient of a curve at a pointis the gradient of the tangent to the curve at that point

= Find the gradient of a curve at a point by substituting the value of X at that pointinto the curve's
derivative function

= Forexample, if f(X) =x2+3x—4
« then f1(x)=2x+3
= andthe gradientof y = f(X) whenx =1 is f(l) = 2(1) +3=5
= andthegradientof y = f(X) whenx = —2is Id(—Z) = 2(—2) +3=-1

= Althoughyour GDC won't find a derivative function foryou, itis possible to use your GDC to evaluate

d
the derivative of a function at a point, using E( I:I )X =|:|
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@ Worked example

Afunctionis defined by f(X) =x3+6x2+5x—12.

(@ Find £ (x).

Find EI('I) bj d-’H‘trEnJ-'aerj

f'lloc) = 32% + 2x67' +5%°

F‘(I\ =3x* +12x +§

(b)Hence show that the gradient of Yy = f(X) when X = 1is20.

Su\asliMQ % & 1“0 fl(ﬂ
FrO) = 30 + 1200 + S

= & o [T S

F'(00) = 20

(c)Find the gradient of Yy = f(X) whenx = —2.5.
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Use fhe 6NC to cwlucle the derivolive of Ni) ot x=-2-§ ,

Your notes

d
—(x3 +6- X2 +5- x—12)|.x=-2.5
dx

'(-2-5)=-¢25
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Increasing & Decreasing Functions

What are increasing and decreasing functions?

= Afunction, f(X) isincreasing if f’(X) >0

= This means the value of the function (‘output’) increases as X increases
« Afunction, f(x),is decreasingif £'(x) <0

= This means the value of the function (‘output’) decreases as X increases

= Afunction, f(X) is stationary if f’(X) =0

YA y = f(x)
GRADIENT =0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
0 >
DECREASING | |
(NEGATIVE
GRADIENT)
GRADIENT =0

How do | find where functions are increasing, decreasing or stationary?

= Toidentify the intervals on which a functionisincreasing or decreasing
STEP1
Find the derivative f'(x)

STEP 2
Solve the inequalities
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f’(X) > O(forincreasing intervals) and/or /
f’(X) < O(fordecreasing intervals) Your notes

= Most functions are acombination of increasing, decreasing and stationary
= arange of values of X (interval)is given where a function satisfies each condition
= e.g. Thefunction f(X) = X2 has derivative f’(X) =2Xxso0
. f(X) is decreasing for X < ()
= f(X) is stationary at X =0
" f(X) isincreasing for X >0
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@ Worked example
f(x)= x2-x-2
a) Determine whether f(X) isincreasing or decreasing at the points where X = 0 and X = 3.

Differentiste
£(oc)= 2oc-)
At =0, §'(0)= 2x0-1=-1 €O = decrenting
At =3, §'3): 2x3-126>0 - increosing
“ At =0, §x)is decrecCing
At x=3, Flx) is increcSing
b) Find the values of X forwhich f(X) isanincreasing function.
ﬂx) S increcSing whea §'(e)>0
Fly>0
2x-\ >0

x? ¥

& -ﬂx\ IS increaSing Yor x> -‘-,:-
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Tangents & Normals
What is a tangent?

= Atany point onthe graph of a(non-linear) function, the tangentis the straight line that touches the
graph at only that point
= |tsgradientis given by the derivative function

YA
y = f(x)

TANGENT

How do | find the equation of atangent?

= To find the equation of a straight line, a point and the gradient are needed

= Thegradient, M, of the tangent to the function y = f(X) at (Xl, yl) is f’ (Xl)
= Therefore find the equation of the tangent to the function y = f(X) at the point (X1 , _yl) by
substituting the gradient, Id(Xl), and point (Xl, yl) intoy — -yl = m(x - Xl) ,giving:
« y-y, = (x)(x-x,)
* (Youcouldalso substituteinto ¥ = mX + Cbutitis usually quicker to substitute into
y=y, =mx—x,)
What is a normal?

= Atany pointonthe graph of a(non-linear) function, the normalis the straight line that passes through
that point and is perpendicular to the tangent
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4

£x) Your notes
Y —1

NORMAL

TANGENT

How do | find the equation of a normal?

-1
= The gradient of the normal to the function y = l‘(X) at (Xl’ yl) IS 747\
f (Xl)

= Therefore find the equation of the normal to the function y = f(X) at the point (Xl’ yl) by using

-1
y=y, = F(x) (x—x,)

O Examiner Tip

= You are not given the formula for the equation of a tangent or the equation of a normal
= Butboth canbe derived from the equations of a straight line which are givenin the formula booklet
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@ Worked example A/

Your notes
The function f(X) is defined by

3
f(x)=2x4+—2 x=0
X

a) Find an equation for the tangent to the curve Yy = f(X) atthe pointwhere X = 1, giving your
answerintheformy = mx + C.

Firsk §iod §'(x) by afferenkating
) = 2" +3x72 Rewr:ie 08 powers & x
? k':t:) =8x> - 63
For n+unasn\:, “ Yy : fﬂa)[x-x.)"
At x=V, = 2[\)"1- 3 :5

T W

FO=8)’ - _€_ =2

O

v 5-5 - lkx-l)

Enepn'\-d\' x=\, is 4 dx +3

o) Find an equation for the normal at the point where X = 1, giving your answerin the form

ax + by + d=0,where a, b and d areintegers.
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or onorma), Y= -\ k::c—x,)"
Y
UQ'WB recolte Sf\‘om port @y
8—-5 = =k LIIL‘ |)
b

ol
Y= "ax *tg

23:—x+“

* Belion O o & 4247\ =0
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Local Minimum & Maximum Points
What are local minimum and maximum points?

= |Local minimum and maximum points are two types of stationary point
= The gradient function (derivative) at such points equals zero

i.e. Id(X) =0
= Alocal minimum point, (X, f(X)) will be the lowest value of f(X) in the local vicinity of the value of
X
= Thefunction mayreach alower value further afield
= Similarly, alocal maximum point,(X, f(X)) will be the greatest value of f(X) in the local vicinity of
the value of X
= Thefunction mayreach a greater value further afield
= The graphs of many functions tend to infinity for large values of X
(and/orminus infinity for large negative values of X)
= The nature of a stationary point refers to whetheritis a local minimum or local maximum point

How do | find the coordinates and nature of stationary points?

= Theinstructions below describe how to find local minimum and maximum points using a GDC on the
graph of the function y = f(X)
STEP1
Plotthe graphof y = f(X)
Sketch the graph as part of the solution

STEP 2

Use the options from the graphing screen to “solve for minimum”

The GDC will display the X and ¥ coordinates of the first minimum point
Scrollonwards to see there are anymore minimum points

Note down the coordinates and the type of stationary point

STEP 3
Repeat STEP 2 but use “solve formaximum” onyour GDC

= |nSTEP 2 the nature of the stationary point should be easy to tell from the graph
= alocal minimum changes the function from decreasing to increasing
= the gradient changes from negative to positive
= alocalmaximum changes the function fromincreasing to decreasing
= the gradient changes from positive to negative
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Y\ y = f(x) ,

Your notes
LOCAL
MAXIMUM
"X GRADIENT =0
INCREASING INCREASING
(POSITIVE (POSITIVE
GRADIENT) GRADIENT)
0 >
DECREASING
(NEGATIVE o
GRADIENT)
R GRADIENT =0
LOCAL
MINIMUM
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@ Worked example

Find the stationary points of f(X) = X(X2 - 27), and state their nature.

Plet the a\‘ap\'\ oT' e x(xn'ﬂ'?) o0 GOC and Skelch here.

\ocal
MOXIUM T 3

locol
minimom

& g‘fd\'iono\"y Poinh oS

(3 -5%) LocAL Mmimimom POVNT
(-3,5%) LocAL mAXimUm PoinT
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5.1.3 Modelling with Differentiation /

Your notes

Modelling with Differentiation
What can be modelled with differentiation?

= Recallthat differentiationis about the rate of change of a function and provides a way of finding

minimum and maximum values of a function
= Anything thatinvolves maximising or minimising a quantity can be modelled using differentiation; for

example
= minimising the cost of raw materials in manufacturing a product
= the maximum height a football could reach when kicked
= These are called optimisation problems

What modelling assumptions are used in optimisation problems?

= The quantity being optimised needs to be dependent on a single variable
= |f othervariables are initially involved, constraints or assumptions about them will need to be

made; forexample
= minimising the cost of the main raw material - timberin manufacturing furniture say - the cost

of screws, glue, varnish, etc can be fixed or considered negligible
= Othermodelling assumptions may have to be made too; forexample
= ignoring airresistance and wind when modelling the path of a kicked football

How do | solve optimisation problems?

= Inoptimisation problems, letters otherthan X, ¥ and f are oftenused including capital letters
» Visoftenusedforvolume, S forsurface area
= forradiusif acircle, cylinder or sphereisinvolved

= Derivatives can stillbe found but be clear about which variable is independent (X) and whichiis

dependent (y)
= aGDCmayalwaysuse X and Y but ensure you use the correct variable throughout your working

and final answer
= Problems often start by linking two connected quantities together - for example volume and surface

area
= where more than one variable is involved, constraints will be given such that the quantity of interest

can berewrittenin terms of a single variable
= Once the quantity of interest is written as a function of a single variable, differentiation can be used to

maximise or minimise the quantity as required

STEP1
Rewrite the quantity to be optimised as a single variable, using any constraints givenin the question

STEP 2
Use your GDC to find the (local) maximum or minimum points as required
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Plot the graph of the function and use the graphing features of the GDC to “solve for ,

minimum/maximum” as required
Your notes
STEP 3

Note down the solution from your GDC and interpret the answer(s) in the context of the question

O Examiner Tip

= The first part of rewriting a quantity as a single variable is often a “show that” question - this means
you may still be able to access later parts of the question evenif you can’t do this bit
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@ Worked example /

o . . - , Your notes
Alarge allotment bedis being designed as arectangle with a semicircle on each end, as shownin the

diagram below.

rcm

The total area of the bedis to be 100 7T mz.

a) Show that the perimeter of the bed is given by the formula

100
P= ﬂ(l‘+ T)
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T\:\e width o? '\'\r\e @c'\'ana\e ¢ Arm O \"Q \Qrms'“w k™ /
The AREA o the bed, 1007 o ie gen by Yournotes

ST+ 2rk + 37 = |00
T s N okl orea
Semi-cide  fecongle  Semi-cirdle (¥his iethe conciraicst)

ST+ 2rL = \0OT
2r\.= \OOm -7+ Wete L inYerc S5 v
L= 20m -Tr
- > |

The PERMETER 6} the bed is
P= e +7c + 21
v I X o G\T‘og'i\'
Semi-Cirevlor ores lenghe

Oge & Srom the area. contimoiat Yo write P

iﬁ+efﬁ\9 O? I"On\j
P= 271+ 2(@ -_71_"_1')
- 2
P= 7+ 0O
r

r

o P= n'(r-t _I_Cﬁb)
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b) Find E . ,

dr Your notes

Rewrite P 06 powert & r

P=rr Lr+ \OOr")
aP _ p
a4 -TI'L\—\OO\'Q)

L 92: m(l-100
ar 2

c) Find the value of I that minimises the perimeter.
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x

Use GOC Yo plot \/=7Tkx+@) ond

cketoh the reco\e
3 /N

O 10 7

GOC indicares the ONLY
local minimom po'm'\' 6 oF x=10

oo The value of r ¥har minimices
*he perimeter is =10

d) Hence find the minimum perimeter.
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The Mipimom pefimé\'er' will be the y-coord'md}e Youites

ogf the locol minimom po'm'\' %bun& o port Lc)
o 60C, ¢=62-831853..  (when x=10)

o Minimom peﬁmeter \S

€2:8m (3 st)
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